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Abstract—This second part of the paper uses the method devised in the part 1 to give explicit
solution to several cases of Cattaneo’s plane contact problem. where a monotonically increasing
tangential load, starting from zero, is applied to the bodies in contact. with normal loading held
fixed. The method consists ir: reducing the partial slip problem to a superposition of frictionless
normal contact problems, for which several results are available, including some recent cases studied
by the author. Therefore, a comprehensive set of results is given for single, multiple and periodical
contacts. (; 1998 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

In part I of the paper we have given a general method for solving Cattaneo’s plane contact
problem, using an analogy with an appropriate frictionless normal contact problem. Then,
several general solutions in quadrature, for the single, muitiple and periodic contact area
were given.

In case the geometry of the contact is described by simple functions, the quadrature
becomes particularly simple. Indeed, there are many closed form solutions for the traction
distributions arising at the contact interface (whereas the complete solution of the contact
problem, i.e. including the interior stress field, presents in general greater difficulty),
especially for the case of the single contact area. However, even for this simplest case, apart
from the classical cases of the parabola, the flat and the wedge indenters, the solutions are
not easily available in the literature, and are not worked out explicitly. It is possible, instead,
to achieve a greater understanding of the parameters affecting the actual distribution of
tractions and, therefore, infer the characteristics of the transmission of loads, and so the
strength or fracture mechanics of the contact, by working out solutions for more general
configurations. In recent papers, for example, the author has treated cases of profile not
defined by a single function, such as a wedge with rounded tip (Ciavarella ez al., 1997a, b),
or a flat punch with rounded corners (Ciavarella er al.. 1997a,b), and the same technique
has been applied to a general symmetrical spline profile (Ciavarella er al., 1997¢), ie.
piecewise continuous or discontinuous§ linear or quadratic, profile.

Regarding multiple contacts, moreover, many results are little known (like many
solutions given in the book by Scthayerman, 1949). For the multiple contact problem, in
particular, closed form solutions are possible at least for the simplest cases of two parabolic
punches (Gladwell, 1980}, or two flat punches (Scthayerman, 1949).

Finally, for periodic coatacts, the solution in many cases 1s also possible in closed
form, at least for sinusoidal, squared sinusoidal or periodically flat indenter (Scthayerman,
1949). We, therefore, collect these solutions, and give the explicit transformation in term
of Cattaneo’s problem, showing particular properties of the single cases. Apart from
calculating actual traction distributions, we will particularly concentrate on the much easier
calculation of the relation between tangential load @, and the size of the stick zone c¢. In
general, here only the basic results are summarized, whereas the original papers should be
consulted for elucidation of some of the contact laws that can be obtained in closed form.

+ Transmitted by D. A. Hills.
+Permanent address: Dipartimento di Progettazione e Produzione Industriale, Politecnico di Bari, Viale

Japigia 182, 70126 Bari, Italy.
§ In which cases, logarithmic singularities are predicted in general in the discontinuities.
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2. SINGLE CONTACT AREAS

We refer to the notation, and the results given in part I of the paper. In particular, eqn
(I-20)F gives the integral equation for obtaining the solution of the partial slip problem, in
terms of the correcive shear ¢*(£), whereas for the particular case of single contact area,
eqns (I-32) and (33) give the solution in quadrature. We specialize here these latter results
for some particular cases of geometry. Where not mentioned differently, we indicate with
¢ the half-width of the stick zone, whereas with « we indicate the half-width of the contact
zone.

2.1. Cylinder

As this case is s well known, we will just summarize the main results, using the general
procedure. For this geometry the standard Hertzian approximation is A'(x) = —kx, where
k is the reciprocal of the radius of curvature. The stick zone is centrally positioned and is
of half-width ¢. The dimensionless normalized shearing force (Q/fP), as a function of the
size of the stick zone (c/a), is found immediately from eqn (I-33), as

ng: 1~(§) (1)

The solution for the tractions then reads, from eqn (1-32)
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p(x) and g*(¢) have the well known elliptical shape. It is perhaps interesting to remark that
the first problem to be solved for the cylinder, somehow more complicated, was the rolling
problem considered by Carter (1926) well before the Cattaneo (1938) and Mindlin (1949)
analysis, even though the latter analysis are for general 3-D contacts. The Cattaneo problem
for the cylinder is not directly considered by Cataneo and Mindlin.

2.2. Flat punch

We have already shown that a partial slip solution cannot be predicted, for § = 0, for
this problem. If | Q] < fP stick persists everywhere, whilst when |Q| = fP slip spontaneously
envelopes the entire contact. However, the result merits more discussion, and we first re-
work the problem assuming that an explicit solution is possible with a simple formulation.
For = 0, two cases are possible: the punch is rigid, and the half-plane is incompressible
(v = 0.5), or the punch is elastic, and the half-plane has elastic constants to satisfy exactly
the condition § = 0. In the former case, the contact pressure distribution is then explicitly
and exactly given by (Hills ez al., 1993, Section 2.8)

P
n\/a —X

“

In the latter case, i.e. for the contact of two elastically similar half-planes, it must be
borne in mind that, if there is not enough support of material in the region adjacent to the
contact area ( for example, if the punch is rectangular in shape), the half-plane assumption
can be questioned. However, as for the normal pressure distribution the main difference

# In the following we use the notation eqn (I-20) for egn (20) of part | of the paper, and so on.
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will be only in the asymptotics,t i.e. in the region very close to the edges, a partial slip
condition, if one exists, has to be limited to the case of a very small region of slip, therefore,
not altering much the indicated result. From a different point of view, apart from the
mathematical difficulty, the effect is very likely to be comparable with geometrical differences
from the perfectly-flat idealization, including imperfections of manufacture. There is, there-
fore, no predictable partial slip solution, based on the initial geometry, and the assumptions
on the elasticity of the punch and half-plane.

2.3. Wedge, power-law and polynomial punches
Consider next a wedge-shaped punch having a profile such that A(x) = T, —a|x|.

Regarding the relation between tangential load and size of the stick area, on putting
t = ¢sin 8, one has

< W(O)ede < tde
ﬁi_)_ =2| ——=2ccosb|l, =2¢ (5)
— \/cz -7 0 \/(’2 —£
so that, from egn (I-33)
Y
P - a ©)
The tractions are given by
- [ t 2
plx) = — ix-v/a‘ —x° —/7:|_J~dt = — X cosh! E_ @)
nA ca @ = (x—1) nA
SNV SN s R | B PR PO (4
g*(x)/f nA\/C X f-c\/’?——ﬁ(x—t) de = nACOSh ; (8)

and it is possible also to work out the explicit displacement fields (Truman ez al., 1995).
In general, for a punch of profile x* (which includes polynomials of any order), one

obtains (see Appendix I for cetails)
Q _ Y
P 1 a ©)

which is a very simple result, which could have been anticipated from self-similarity con-
siderations. Figure 1 summarizes the results obtained for punches of profile k = 1, 2, 4, 6,
i.e. wedge, parabolic (Hertzian), and higher-order polynomials. It is interesting to note
again that for a wedge-punch the size of the slip zones varies linearly with the tangential
force transmitted, whilst for a high order punch the slip zone size varies weakly with light
shear loads, strongly with high shear loads. From a different point of view, this means that
a high order polynomial punch is hardly far from either full-stick or full-sliding conditions,
which is consistent with the limiting result that for a flat punch there is no predictable
partial slip condition, i.e. it has a ‘on-off® behaviour in terms of full-stick, full slip. The full
solution in terms of contact pressure (and, therefore, also the shearing traction in the partial
slip regime), for any value of %, is reported in Appendix I.

1 In particular, the correct singularity predicted by infinitesimal linear theory of elasticity is lower than the
classical inverse square root. Also, it is worth remarking that for an external angle lower than a certain threshold,
the power-root singularity disappears, and only the logarithmic singularity, already predicted in half-plane
elasticity, is present. However, the difference is limited to a very small region close to the edge.
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Fig. 1. Relationship Q/fP —c/u for power-law profiles k = 1.2,4.6. The case k = 1 is a sharp wedge
indenter, £ = 2 is the parabolic Hertzian indenter.

2.4. Wedge with rounded apex

Here we summarize results given in full detail in the paper (Ciavarella ez al., 1997a, b),
to which the reader is referred for the derivation of the results, together with a complete
treatment of the strength of the contact. Consider a wedge-shaped punch, with rounded
tip, in contact with the half-plane. The function 4'(x) is defined by

o, —a<x< —b
hWix) = ?—x(x/’b)., —-b<x< +b (10)
— %, +b < X < +a

where « is the external angle of the wedge, which has to be small if the half-plane assumption
is to be justified, « is the half-width of the contact area, and 4 is the half-width of the
rounded part. Now, on substituting ¢ = asin #, and defining b = asinf,:

r Rinede j” tdr o [” 2 dr J rdt
S il e Rl Bl s
v —a \/412—1‘2 —u \//az—l* au 7:‘)\/612_f" h \/a'—f;

0y w2
_o2Xp J sin’ ede—zaaj sin6do

i

b 0 0
in20
I R AR T an
sin B, 2

We need to distinguish between two cases: (i) when the stick zone lies entirely within the
rounded part of thz indenter, i.e. ¢ < b; (ii) when the stick zone extends into the linear
part, i.e. ¢ > b. In tne first case (1) :
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Fig. 2. Relationship Q/fP — :/a for a wedge-shaped indenter with rounded apex, for different ratios
bia=10,0.25,0.5,0.75, 1, corresponding to the transition from sharp wedge to Hertzian indenter.

< R (ntds a o Ade o, 2
J Horde m='—“J ﬁﬂﬁ_:-z»cﬁ Sin*0df = — 222 (12)
N bl j—¢ b= Jo b2
and we find
0 c\? /2
o= 1 e T T T A AT .
fP a sin 20, ° c<b (13)
Oy + ——
2
In the second case (ii), we find that:
n sin 2w,
. wy+ —
¢ csinf, 2
=1 .
fP asin o, sin 20, ¢>b (14)
i o
2

where b = ¢sinw,.

The resulting behaviour in the partial slip regime is shown graphically in Fig. 2, for
bja=0,0.250.5,0.75,1. It may be appreciated that the response is very smooth at the
transition in the function profile. Indeed, we did expect a smooth transition from the linear
to the parabolic behaviour, but clearly different from the one that can be obtained with a
smooth transition of a power-law punch for k¥ moving fromk = 1 to k = 2.

As regarding the traction distribution, it may be shown that the pressure is given by
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A B _6+6, 0-0,
ap(é))—ln tan 5 tan >

cosf sinf sin(6 —8,)

n sin{6+6,)

—20

(15)

0 . - .
sinfl, sind,

where —n/2 < 0 < n/2, which corresponds to the physical region —a < x = bsinf)
sin 6, < «. The contact area dimension a is given by equilibrium

®  sin?éd, 2 °)

In the partial slip regime, for ¢ < b, the corrective shear g*(x) has the Cattaneo-Mindlin
shape for a parabolic punch, whereas in the case ¢ > b, mapping the region —¢ < x < ¢ by
means of the relation x = b sin w/ sin w,, one has

A w+w w—w cos W sin w
— 7q*(w)/f= In|tan % tan 22

sin(w—wy)
(U() . - .
2 2 sinw, Sinw,

sin(w—+m,)

a7

2.5. Flat punch with rounded corners
Consider a flat punch, with rounded corners, in contact with the half-plane. The
function A’(x) is described by

—(b+x)/R, —a<x<-—b
h(x) =10, —-b<x< +b (18)
—(x—b)/R, +b<x< +a

so that

——('\/Cz_lz B —c \/('2—1‘2 R

D

/.2 2
bjC -1

= |

f‘ K (tde lj*b(b+z)rdz_1j‘ (t—b)tdi

2 2 b? /2

- RCZJ sin29d6+2~—(—f sin 6 d6
2 /m wy sin2w,

I ) 19
R¢ (4 2 4 ) (19)

on substituting 7 = csin#, and defining b = ¢sinw,. In this configuration, only a partial
slip case with stick zone greater than the flat central part is possible, i.e. ¢ > a. The integral
related to the entire contact area can be calculated from eqn (I-33), formally substituting
c =g, le. 0,10 w, and a to c, obtaining

0 e\ n—2w,—sin2w, ¢ b
£ __(¢ £,2 20
-7 \a) 7220, "sin26, " @ a (20)

—=1 —<-. 2n
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Fig. 3. Relationship Q/fP—c/a for a flat indenter with rounded corners, for different ratios
bja=0,0.25,0.5,0.75, 1, ccrresponding to the transition from Hertzian indenter, to flat punch.

This result is plotted in Fig. 3, where it may be appreciated again that the transition from
the Hertzian case (b/a = 0) to the limit flat punch is not smooth, as in the case of the
transition through a polynomial punch k = 2 to k£ — «. Moreover, by comparison with
the previous case of the rounded wedge, there is more influence on the load application, as
full sliding only occurs when the slip zone has reached the transition point in the profile. It
is worth remarking, as a consequence, that wear cannot occur in the flat part of the indenter
if the punch is in the partial slip regime.

As regards the traction cistribution, let us start by considering the pressure. Mapping
the physical contact region —a < x < a, (@ = b/sinfly) by x = bsint)/sinf,, the dimen-
sionless pressure distribution is

bp(0) 2/m
P 7m—20,—sin26,
in(6+9 sin @ 040 0—-6 sin 6
x {(ﬂ—zeo)cos()-f-ln[ 22%9%9_2; . ® tan 5 0 :l} (22)

Considering 4 as a known geometrical quantity, the angle 8, is given by the load P as

PAR n—28,
b? 2sin’ 0,

—~cotf,. (23)

Moving to partial slip regime (¢ > b), the dimensionless corrective shearing distribution is
given by mapping the physical stick region —¢ < x < ¢, (¢ = b/sinwg) by x = bsinw/
sin wy
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O*  7m—2w,—sin 2w,
sin(w + wy) [ire w+w
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sin(w— my) 2

2.6. Truncated power-law punch

w—wy
2

. ]} (24)

Consider, now, a power-law punch with a central flat region This is an ideal vehicle to
show that the relation Q/fP, size of stick zone, is much easier to calculate than the pressure

distribution itself. In fact, we failed to obtain an analytical s
Consider a function A’'(x) described by

olution for the tractions.

jCklxlk", —ag<x< —b
R(x) = ?0, —-b<x< +b (23)
—Ck|x|F1, +b<g<x< +a
Then
J“ H(nedr C%'[J*hlﬂk“tdr Jmtﬂklzdt}
Jer N7 R
a [k d[ 1 k d
_ -zCkf = - ~2Cka"f v (26)
bja— I bia /1 —1?
© h(Hede bohd
j —(_2—1 = 2Cke! j . 27)
—¢ \(/’ o —t hic \/1 -1
Therefore, the stick zone, which must lie in the interval ¢/a > b/a, is given by
k | k d A k d A b
_221_<£>J th:J vl e b (28)
fP a h,(\/l—‘C“// h/a\/l—fz a a
Q c b
= = -< - 29
fP L a < a (29)

where the integrals can be computed in terms of special functions (details are given in

Appendix 2).

2.7. Spline profile

Lastly, in this section of symmetrical profiles, consider a profile such that the function

h'(x) is defined in the generic region [—b, —a] U [a. b] by

R(x)=mx+D, —b<x

N

—a

W(x)y=mx—D, +a<s<x<+b
where

KBk

= D = h'(a) +ma.
b—a

s

(30)

(3
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On defining 4. the dimension of the contact area, sinf = x/d, sinf, = a/d, sin6, = bid,
considering a case with n sections of the profile, it may be proved (Ciavarella et al., 1997¢)
the solution for the pressure is given by

n—1

1 in(@+6,) sin(0—6,
p@) = A Y |:2m,d(9,+1 —£)cos 0+ mdsin 01n sin(0+0) sin(0—6,..1)
=0

sin(0+6,,,) sin(0—0,)

(cos  —cosf,)(cos 8 +cos b, )

D1
+on (cos0—cos 8, )(cosG+cos b,

} (32)

and the total load is

Ul o

1z md .
= Z ':20,-(005 6;—cosf,,,)— 7(51n20,—sin29,+,)+n1id(6,—9i+,)} (33)
i=0

where 0, = n/2, as it corresponds to the contact area edge.

In the particular case there is a flat central area, [ —a,, a,], the summation has to start
from the corresponding angle 6,. Then, the above result continue to apply, but expression
refers to n+ 1 sections.

On moving to the partial slip case, define ¢ the dimension of the contact area, by
sinw = x/c, sinw, = a/c, sinw, = bjc, considering a case with n* < n sections of the profile
that are in the stick zone, the corrective shear is given by

sin(w+w,) sin(w—w,.,)

1 n*—1
—g*(x)/f = = Z [2m,c(w+1 —w,;)cosw+mesinwlin
i=0

sin(w+w,;,,) sin{fw—aw,)

} (34)

COS (W — COS ), }{COS W +COS
+D,In ( ) +1)

(cosw—cosw,, ;) (cos w+cosw;)

and the corrective load is given by

n*—1

* 1 m;c . .
— == v Z [ZD,-(COS W;—COS W, ) — T(Sln 2w;—sin 2w, ) +me(w; —w; ., )]
c i=0
(35)
where m, = n/2, as it corresponds to the stick area edge.

2.8. A non-symmetrical wedge

To present an example of the treatment of non-symmetrical contacts, where the centre
of the contact area is unknown a priori, we summarize here results for the simplest case of
a wedge non-symmetrical with respect to y-axes. A full account of the derivation of the
results below, and more general treatment of non-symmetrical contact, can be found in the
paper (Ciavarella and Demelio, 1997).

Let us consider a case of a non-symmetrical wedge where the geometry is such that

W= {0 X0 (36)
Xx) =

1—/@, 0<x
where k is related to the external angle of the wedge, i.e. k. = 8, k_ = —0for a symmetrical

wedge. Note that the case with rotation is readily incorporated into the value of k. k_.
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Now, define
x=C+0, E{=uacosp, = —acosd, (37
we find

I d+ o

p Isin ————
= ——(k,—k_)In —. 38
P9) = — e~k )In|— = (38)

sm—j—\

The last two formulzas determine p(x) in the range —a+4d < x < a+34.
Substituting now in the conditions for p(x) at the edge to be zero, and using t = acos ¢,
0 = —acos ¢@,, we find

b, = k_ ae AP ' (39)

. mk_
k. —k_) sm;_ k.

Substituting in the relation for M, we obtain

P 1
M=Pé+5acos¢0 =§P6 (40)
since acos ¢, = — 9. Thus, for equilibrium it is necessary that the resultant P is displaced

of x = 1/24 if no rotation has to occur. Clearly, in the limit § = a, one contact edge reaches

the apex of the wedge, but this limit case is not meaningful, as it may be shown to correspond

to a flat punch with a linear profile on one side, so that the other edge is undefined.

Therefore, the condition k, > 0, k_ < 0 has to be added for the solution to be meaningful.
On moving to the partial slip regime, let us define

x=n+6% #n=ccosw, &*= —cosw, (41)
we find
. WFwy
. sin————
—g¥* f = — — — -
0 = = ke —k)Inj——— (42)
sin—

7

The last two formulae determine g*(x) in the range —c¢+9* < x < c+0*.
Substituting now in the conditions for g*(x) at the edge of the stick area to be zero,
one obtains

.. S Al A— (43)

. 7mk_
k., —k_) smki %,

The fact that w, = P, was expected, as the profile is self-similar, so that §*/6 = ¢/a.

3. MULTIPLE CONTACTS

On moving to the case where the contact area is composed by a (finite) number of
regions of the x-axes, i.e. the case of a multiply connected contact area, the solution becomes
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immediately more complicated. Gladwell (1980) presents a solution for the case of two
parabolic punches, whereas Schtayerman (1949) gives solutions to the cases of two flat
areas of different height. Here, we recollect the latter solution, whereas for the general case,
the use of the analytical solution, given in part I of the paper (specifically, Appendix 1)
becomes quite cumbersome. Therefore, as perhaps an approximate numerical scheme is
satisfactory for a number of cases, we present a simple numerical scheme considering the
interaction between different areas in a simplified first-order approximation.

3.1. Two flat areas
If the profile is such that / is constant over two areas, say of equal size, and consider
the case when the punch is brought into contact by a rigid vertical body motion, so that

T., —b<x< —a
h(x) =< ) (44)
T, +y, +ta<xs< +b
The solution, when the contact is extended to both areas, is (Scthayerman, 1949)
W) = = C,— Px {—bes —a 45)
p(x) = = -
n/ (x* —a*)(b* —x?) tasx<+b
where
nby ,
Cov_EAK(k)’ k=ajb (46)

and K(k) is the elliptic integral of the first kind. The pressure is clearly higher in the lower
surface. During normal loading, two different phases can be detected. At first, only the
lower surface is in contact, and the pressure is given by the flat punch case, eqn (4) ; when
the upper surface comes inte contact, the pressure is given by eqn (46), and it is clearly not
symmetrical anymore (eqn (1-9) can be applied to calculate the moment). This corresponds,
in the Cattaneo partial slip problem, to the fact that there are two phases before full sliding :
at first application of the tangential load, there is full stick ; then, as Q*/f reaches the value
corresponding to the normal load when the upper surface is in incipient contact, there is
full slip on that surface, whereas full-stick continues in the lower surface. Only at |Q| = fP
does the lower surface slip suddenly.

4. PERIODIC CONTACTS

The case of periodic contact is of great engineering interest, in that it encompasses the
characteristics of rough contacts, as long as it can be assumed that the roughness has some
sort of deterministic periodicity (in the more general case, still a Fourier analysis of the
roughness gives a spectrum of heights of the asperities as a function of the wavelengths).
Therefore, the elementary case of a sine profile gives an insight into the simplest way in on
this problem. The partial sl p solution is here provided as an extension, and indeed this
permits us to achieve a better understanding of the partial slip regime for these class of
contacts,

4.1. Sine wave profile

When an infinite number of punches acts on the half-plane, it is impossible to consider
total normal or tangential forces, and it is even naive (in plane problems) to compute the
rigid body motion. We may, therefore, consider only the distribution of tangential traction,
and the average pressure (equivalently, we can define the total load per contact area). For
a profile in the form of a cosine wave
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Fig. 4. Relationship §/fp—c/a for a periodic contact, for different level of load, i.e.
2a/5. = 0.2,0.4,0.6,1.8, 1, corresponding to the transition from far interaction, to complete contact
of the half-planes.

£1(x) = Acos (2%) (47)

in contact with a half-plane (f;(x) = 0), Westergaard’s solution applies [see Hills er al.,
(1993) Section 14.2, for more details on the derivation], with the outcome

—2 . ,
p(x) = P sin®(raji) —sin(rx/3)]'2 (48)

sin®(na;a)

applied over the regions |x—ni| < a, with p(x) = 0 outside these regions, and
p = 2nAsin® (naji)/AA. (49)

This permits the determination of the size of the contact area a. For light loads (2a/4 less
than about 0.4) a Hertzian contact pressure distribution results at each asperity whose
curvature we may write as k = 4r°A/A%, and the interaction is negligible. The other limiting
case, of an extremely heavy load, 2a/4 = 1, gives a sinusoidally varying continuous pressure
distribution. These formulae can be directly processed to give the solution to Cattaneo’s
partial slip problem. The average pressure j transforms into an average corrective shearing
traction distribution §*, which determines the size ¢ of the stick zone, and

T _ - (SI“(”"/Q) (50)

f? sin{naji)

and the shearing tractions are given by

C—l* « . 9 ” 1:2

— ———{sin*(n¢/A) —sin“(nx/1)]'° xE S

sin” (me/A) . (51)

ljp(x) X€E Sshp

4(0) = j/b(X)Jr

Figure 4 summarizes the results obtained for the ratios 2a/4 = 0.2,0.4,0.6,0.8, 1.0, i.e.
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from a practically Hertzian case (no interaction due to contact wide apart), to the complete
contact of the half-planes. it is interesting to note that the variation is not particularly
great, as compared to the variation due to different profiles that we have discussed so far.
Of course, the effect here is interaction, and if the profiles are different from a sinusoidal
profile, the combined effects may sum, although it is not possible in general to achieve
analytical results. Note that in the case where the load is increased to more than what is
needed to full contact, there is a uniform pressure to add to eqn (48). In this case, on
applying a tangential load, it is clear that full stick will occur at first, and only when the
tangential load has reached the point corresponding to the loose of full contact, the partial
slip condition hold.

4.2. Flar periodic contact
Here the solution corresponds to the frictionless normal contact in the case of a
periodical set of flat surfaces of equal height, i.e. #'(x) = 0, over the range a,, < x < b,,,

(m=1,....n), where the period is equal to only one contact area, n = 1, h'(x) = 0, over
//2—a < x €£1j2+a. The solution is

I Pv/icos%{
p(z-i-x): — , —a<x<a (52)
[ cosE —cosEg
! /

where P is the load per contact area. Note that in the limit when / = 2a, the shearing
distribution goes towards the uniform limit.

Moving to the partial slip configuration, as the punch is composed of a infinite number
of flat areas of equal heights, then a partial slip solution is not possible, from the general
results already obtained. The contact will be either in full stick, or full slip regime, and the
shearing will be always proportional to the pressure as given above, i.e.

;o
q<2+.r):— 0, —4ds<X=sd (53)
’ 1\/— X na
€S~ —Ccos

where Q is the total tangential load per contact area. As soon as |Q| = fP, the full slip
conditions arise simultaneously in the entire contact area.

4.3. Sine squared wave profile
For a profile in the form of a squared cosine wave

£1() = Acos® (ffﬁ) (54)
in contact with a half-plane { /;(x) = 0), Scthayerman (1949) gives the solution

pl ~ 4 P nx 2nx 2na\ |'"?
= = /ST - - | S| —— N — x < 55
p<2—+—x> ”2/‘_0/10008(&)[(:08(1) cos(/v 4 a<x<a (55)

where
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@_ 1 resint
i ndrcsm 7 (56)

and

o APA
= = (57)
A T

When Ay/4 = 1, then there is full contact. Moving to the partial slip case, as usual the
solution is obtained using a corrective shearing distribution equal to

pl i Q* nx 2nx 2mc\ |2
—g* (5 +x> = \/5/—0 Zcos (T) [cos (—i—)—cos ( ; )} , —c<x<c (58)

where

IR
= jarcsin— (59)

R Y

and

i [ag*a
7—V[7# . (60)

5. CONCLUSIONS

Cattaneo’s partial slip contact has been considered and new solutions developed, using
the method proposzd in Part 1 of the paper. The range of analytical results covers a
vast range of configurations of engineering interest. For single contact area: punches of
polynomial or power-law profile, wedge with rounded apex, flat punch with rounded corners
and, more generally, a spline approximation of the profile; finally a truncated power-law
punch. For multiplz contacts, the case of two flat areas of different heights is treated.
For periodic contacts: a sine-wave, a sine squared, and periodic flat profiles have been
considered.

To treat more general contact problems, the results of part I of the paper permit to
solve the Cattaneo partial problem as a frictionless normal contact: therefore, either the
solutions in quadrature given in Part I of the paper has to be solved numerically, or a more
classical numerical technique to solve frictionless normal contact has to be used.
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APPENDIX 1

Solution for a punch of profile x*
Consider a punch of power-law profile f,(x) = C|x|*, including polynomial or any order, in contact with a
half-plane. The function A(x} is defined by

W (x) = —sign(x)Ck|x]*~". (AD)
Then, the pressure can be obtainec. as
Cx K =" dr “ ?* ' de
o= [ e[ ] o
e e @ = (t—x) Yo Jat -1 (1—x)
_Ck s Uo J¢]* =" (4 x) der [ e+ %) dL} (A3
=LAV T — - —_—7
nA ﬂ,\//az_[z([z_x:) Jo \/’az~t3(lz —x)
—7 “ [k df
_ Gk e U L J (A4)
nd N —2( - xY)

To calculate the normal load

CkT (O [of'ede [eir)F'rdr
PZ“?U Il_——‘f”-~] (AS)
VL A S N A
-~ u A
=2%‘( _rdr (A6)
A4 0\/'az~12

Substituting x = as, and ¢ = at, and using the resultt

(k+l>
k ya 2 .4 i
jl ;dr M7 z o F (1.1_%;32"(..31)_*‘_‘?__‘3‘](/(2) (AT)
r k+1
Iofdr \/’; 2
= (A8)
Ov’l—rz 2 r(5+1
:*!)
one has for |s| < 1,
k+1
‘n F( ; ) k .
ps) = *2%0% ‘——k—;Fl (1,1—g;%;sz)\/l—sz+s"*' tan (kg) (A9)
7.
)
2

where »F,(., .; ;. z) is the Gauss hypergeometric function of argument =, and

+ Mathematica Vol. 3.0, Wolfrem Research, Champain, Illinois, U.S.A.
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po2gNt L (A10)

For particular values of k, simplified results are possible, and in particular it is evident that for k& = 2 the classical
Hertzian parabolic case is recovered.

APPENDIX 2

Truncated power-law punch
We note the resultst,

fl ddr Vo L ULk 34k
T2 1+kT T\ 2 2

VA k4

where ,F| is the Gauss hypergeometric function. From there, the values of relation normal load—contact area, or
tangential load-stick zone can be calculated in partial slip (as usual, only the case for which c¢/a >> b/a can be

considered)
VAL (bt 1 vk 34k (biaY:
2 d+k\da) T2 2 7 2 T\ ¢ b

"
= _1-(s) —= N (A1)
1P a)  Jx l(b)"‘F( 1+k_3+k‘(>3> a a

24 Ty

202

Q%

b | —

a

whereas Q/fP = 1,¢ < b. To remark the case of a truncated parabolic punch, that can arise for example on a
Hertzian punch, whose profile has been flattened in the middle for example by wear. In that case, it is possible to
use the result

: :) =— 2—1— [z 1 — = —arcsin /2], (Al12)

+ Mathematica Vol. 3.0, Wolfram Research, Champain, [llinois, U.S.A.



